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Abstract
Conventionally, factorized scattering in two dimensions is argued to
be a consequence of the conservation of local higher charges. However,
integrability may well be realized via nonlocal charges, while higher
local charges are not known. Here we address the question of whether
a nonlocal Yangian symmetry implies factorized scattering of the S-
matrix. We explicitly study the constraints on three-particle scatter-
ing processes of particles transforming in the fundamental representa-
tions of su(N), u(1|1), and the centrally extended su(2|2) underlying
the dynamic scattering and hexagon form factors in AdS/CFT. These
considerations shed light on the role of the Yangian as an axiomatic
input for the bootstrap program for integrable theories.
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1 Introduction
The most intuitive definition of integrability relies on the existence of a tower of local conserved
charges which outnumber the degrees of freedom of a physical model or process. It is well
known that higher local1 symmetries imply that the scattering matrix is trivial in d > 2
spacetime dimensions. This is the content of the Coleman–Mandula theorem. Moreover,
for field theories in d = 2 dimensions, higher local charges imply factorized scattering [1–
4]. In fact, in many cases two local charges with different Lorentz spin are sufficient for
factorization [4]. These observations generalize to other integrable models with a notion of
scattering, like spin chains.
On the other hand, the same factorization arguments do not apply to nonlocal charges (e.g.
Yangian symmetry [5, 6]), which furnish the mathematical underpinnings of many integrable
models (e.g. the XXX spin chain, the Gross–Neveu model or the AdS/CFT duality). While
nonlocal symmetries often coexist with higher local charges (see e.g. [7]), it is generically not
clear whether nonlocal charges imply the existence of local charges. Note for instance that only
for certain models local and nonlocal charges can be constructed from the same monodromy
matrix, cf. [8].
In fact, in d > 2 there are examples of scattering amplitudes which are invariant under
nonlocal charges, while a local formulation of this symmetry is not known: In d = 4, the S-
matrix of N = 4 SYM theory (at least at tree level) [9] as well as the S-matrix of the recently
found fishnet theories [10] are Yangian invariant. In d = 3 the tree-level scattering in N = 6
1Here by ‘local’ we mean that the action of the charges on multi-particle states is realized via the trivial
tensor product action.
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d = 2 d > 2
Local charges
factorized S-matrix
[Kulish, Shankar–Witten,
Iagolnitzer, Parke, . . . ]
trivial S-matrix
[Coleman–Mandula]
Nonlocal charges factorized S-matrix[here, . . . ]
?
[e.g. N = 4 SYM, ABJM, Fishnets]
Table 1: Implications of local and nonlocal symmetries on the S-matrix.
superconformal Chern–Simons (alias ABJM) theory provides a valid case [11].2 This yields a
natural question: What are the implications of nonlocal symmetries on scattering processes
in physical models?
In this paper we address this question for the case of d = 2 spacetime dimensions, cf.
Table 1. For explicitness, we restrict here to the case of nonlocal Yangian charges, i.e. to
integrable models of rational type, and investigate their impact on the 3 → 3 particle S-
matrix. It is well known that Yangian symmetry implies that the two-particle scattering
matrix obeys the quantum Yang–Baxter equation (qYBE) [12]. The three-particle S-matrix
in a Yangian-invariant theory, however, could a priori split into a factorized part and an honest
three-particle interaction R3→3, cf. e.g. [2]:
S3→3 = δp4,p5,p6p1,p2,p3
∏
jk
Sjk2→2 + R3→3 = + . (1.1)
In this notation, the question of whether Yangian symmetry implies factorized scattering turns
into the question of whether R3→3 = 0.
In the case of local higher charges Qk with k > 1, an essential point in the argument leading
to factorization is that these charges allow us to shift particle trajectories by a momentum
(i.e. slope) dependent amount, such that multi-particle interactions can be decomposed into
two-particle scattering processes, see e.g. [13]:
→ = . (1.2)
Here the equality sign reflects the quantum Yang–Baxter equation that imposes consistency
constraints on the two-particle scattering matrix.
Investigating the impact of nonlocal symmetries in the following, we will generically not
assume that the sets of incoming and outgoing momenta or the corresponding rapidities are
identical. However, in some cases the intricate constraint equations will not be tractable
without this assumption. One may wonder whether assuming conserved individual momenta
allows to define a set of local conserved charges Qk via their eigenvalue on one-particle states,
schematically:
Qk|p〉 ∼ pk|p〉, (1.3)
2Note that the Yangian enters these higher dimensional theories via the AdS/CFT duality and the un-
derlying mechanisms are far from being fully understood. Effectively, also here the Yangian operates in one
dimension, i.e. on the one-dimensional color trace.
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and to proceed with the above arguments for factorized scattering following from local con-
served charges. However, as pointed out in [13], it is not clear that given conserved sets of
momenta, a local charge density exists which leads to an eigenvalue ∑nj=1 pkj on multi-particle
states, generalizing (1.3). Hence, conservation of the sets of momenta or rapidities does not
yield a straightforward argument for the existence of local charges.
We will not investigate the consequences of nonlocal symmetries for (the absence of) par-
ticle production, but only study their impact on the 3 → 3 scattering matrix. For a formal
proof of the absence of particle production using nonlocal symmetries in the context of the
nonlinear sigma model see Lüscher’s paper [14] (cf. also [15]).3 While it might be reasonable
to assume that in a theory with non-vanishing two-particle S-matrix, a factorized solution for
the three-particle scattering exists, a priori it is not obvious that the factorized solution is
compatible with the nonlocal symmetries. The paper [14] also contains a discussion of this
compatibility question for the nonlinear sigma model; a proof of factorized scattering based
on nonlocal symmetries is not given there.
In the following we will be interested in physical models with nonlocal symmetry algebras
realized on asymptotic states. We assume that a representation J of the symmetry generators
on asymptotic states exists, such that schematically
[J, S] = 0. (1.4)
In particular, the above constraint equations will be specified to the case of the Yangian
algebra and we will study the solutions S3→3 of these equations. In doing so, we assume that
the quantum space of asymptotic states is completely characterized by the Yangian, i.e. that
all scattering states are labeled by the Lie algebra or Yangian quantum numbers.
While an interesting question on its own, one particular motivation for studying the impli-
cations of Yangian symmetry comes from the planar AdS/CFT correspondence. In this context
integrable structures play a crucial role for the determination of involved observables and in-
spire the development of more and more refined tools [18]. The exact two-particle S-matrix of
AdS/CFT can be written as a product of two two-particle S-matrices, each invariant under a
centrally extended su(2|2) algebra in a so-called dynamic representation [19]. Moreover, the
latter S-matrix is equivalent to Shastry’s R-matrix [20] for the Hubbard model [21,22]. While
the importance of factorization of the higher-point S-matrix in AdS/CFT has been discussed
and checked in various contexts (see e.g. [23, 24]), to our knowledge the relation of this fact
to the underlying Yangian algebra has not been studied. It was shown, however, that the
su(2|2) symmetric two-particle S-matrix is Yangian invariant [25] (see also [26]). This implies
that it obeys the quantum Yang–Baxter equation and thus furnishes a building block that
is consistent with factorization. Interestingly, the special dynamic representation of the Lie
algebra symmetry su(2|2) allows to completely fix the two-particle S-matrix up to an overall
factor. For the bound-state S-matrix of [27], the full Yangian symmetry is required to fix all
coefficients [28].
More recently, a bootstrap approach was suggested which is based on the idea to compose
correlation functions using so-called hexagon form factors that obey certain axioms, see [29] for
a recent pedagogical introduction. Also within this hexagon approach the exact two-particle
S-matrix of AdS/CFT features prominently. In particular, it is conjectured that the hexagon
amplitude essentially factorizes into the above su(2|2)-invariant two-particle S-matrices [30].
As suggested in that paper, it would be desirable to replace this assumption by the Yangian
3Note that there are examples of theories with a tower of nonlocal symmetries at the classical level [16],
whose S-matrix features particle production [17].
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symmetry as an axiomatic input to the boostrap program.4 This emphasizes the interest
in understanding the connection between Yangian symmetry and factorized scattering, in
particular for the case of the special dynamic representations important in the AdS/CFT
correspondence.
In the following, we introduce the Yangian and its relation to the S-matrix and give a brief
overview of our results in Section 2 and Section 3, respectively. In Section 4 we implement
the Yangian constraints on the two- and three-particle S-matrices in Mathematica and study
their solutions for the following three concrete examples:
1. The fundamental representation of su(N):
This representation of the Yangian plays a role in various different contexts, e.g. for the
Heisenberg spin chain or the chiral Gross–Neveu model. Moreover, this case serves as a
warm-up exercise for the more involved dynamical representations of AdS/CFT and to
introduce our methodology.
2. The fundamental representation of u(1|1) (undynamic and dynamic):
Adding supersymmetry to the above problem, we consider the dynamic representations
of [31] which are relevant to the scattering in the su(2|1) sector of N = 4 SYM theory.
While the dynamic property of a rapidity-dependent action of the symmetry generators
is implemented, some of the complications of the full AdS/CFT scattering problem
(e.g. braiding factors) are still projected out in this case. We also discuss the Yangian
constraints in the undynamic limit which represents the scattering in conventional spin
chain models.
3. The fundamental representation of su(2|2)(nR2) (undynamic and dynamic):
Finally, we consider the full symmetry algebra underlying the scattering in AdS/CFT.
The new feature of its dynamic representation is given by non-trivial braiding factors
that render the action of the Lie algebra generators (the level 0 of the Yangian) nonlocal.
Again we consider the full dynamic representation, as well as its undynamic limit that
plays a role in the condensed matter literature.
2 Nonlocal Yangian Symmetry and the S-matrix
In this section we introduce the Yangian algebra underlying the subsequent analysis of sym-
metry constraints on the S-matrix. Moreover, we establish the role of the so-called dynamic
representations relevant in the context of the AdS/CFT duality and their relation to Hopf
algebra twists of the Yangian.
2.1 S-Matrices in Two Dimensions
It is a special feature of theories in (1+1) dimensions that we may order particles with respect
to their rapidities. We use this feature to define incoming and outgoing states in a scattering
process. An incoming state of an n-particle scattering process is an asymptotic state denoted
by
|a1, u1; ...; an, un〉in, u1 > u2 > ... > un, (2.1)
4We thank P. Vieira for elaborating on this comment in their paper.
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where the particle of type a1 moves behind the particle of type a2 etc. The corresponding
rapidities are ordered such that all particles participate in the scattering process. Similarly,
our notion for an outgoing state of an n-particle scattering process is given by
|a1, u1; ...; an, un〉out, u1 < u2 < ... < un, (2.2)
such that the particle labeled by 1 moves behind particle 2 etc., but the rapidities are now in
the reverse order. Thus no scattering is possible for this configuration.
Following the usual convention, the S-matrix is the operator that maps an m-particle
outgoing state to an n-particle incoming state according to
|a1, u1; . . . ; an, un〉in = Sa1...anb1...bm(ui, vi)|b1, v1; . . . ; bm, vm〉out. (2.3)
A priori, the S-matrix may depend on all the rapidities ui and vi of both states, and the sets
of incoming and outgoing rapidities need not be equal. We denote the single-particle Hilbert
spaces of rapidity u by Vu,5 such that the S-matrix acts as
S : Vv1 ⊗ Vv2 ⊗ ...⊗ Vvm → Vu1 ⊗ Vu2 ⊗ ...⊗ Vun , (2.4)
with incoming rapidities u1 > u2 > ... > un and outgoing rapidities v1 < v2 < ... < vm. Take
as an example a free theory, i.e. the particles do not interact at all and they may only overtake
each other. In this case, the S-matrix simply permutes the one-particle Hilbert spaces and
acts on a two-particle state as S|a2, u2; a1, u1〉out ∼ |a1, u1; a2, u2〉in. We call an S-matrix that
maps as (2.4) with n ≡ m an n-particle S-matrix.
Integrability. An integrable theory in two dimensions with a notion of scattering is charac-
terized by the fact that the two-particle S-matrix obeys the quantum Yang–Baxter equation:
S12(u1, u2)S23(u1, u3)S12(u2, u3) = S23(u2, u3)S12(u1, u3)S23(u1, u2). (2.5)
Here the indices on S denote the single-particle Hilbert spaces it non-trivially acts on. More-
over, there is no particle creation or annihilation and the individual momenta or rapidities are
conserved. Finally, higher-point scattering matrices factorize into two-particle S-matrices, in
particular the three-particle S-matrix obeys
S123(u1, u2, u3) = S12(u1, u2)S23(u1, u3)S12(u2, u3). (2.6)
Throughout this paper we will only investigate S-matrix elements that preserve the number
of particles, i.e. 2→ 2 and 3→ 3 particle scattering. As discussed above, the vanishing of S-
matrix elements with different numbers of incoming and outgoing particles is a generic feature
of integrable models. Nevertheless, a formal proof of the absence of particle production based
on the existence of quantum nonlocal charges is still lacking except for certain cases [14].
2.2 The Yangian Algebra
The infinite dimensional Yangian algebra Y [g] is generated by two sets of generators Ja and
Ĵa. The first set contains the so-called level-0 generators Ja of a Lie algebra g with structure
constants fabc and a = 1, ..., dim(g). The second set of so-called level-1 generators Ĵa contains
5Below we will add further quantum numbers labeling these spaces.
6
the same number of elements and obeys similar commutation relations as the Lie algebra
generators:
[Ja, Jb] = fabcJc, [Ja, Ĵb] = fabcĴc. (2.7)
All higher levels are successively generated by commuting the generators of the previous levels.
Thus, although the Yangian is an infinite-dimensional algebra, it is spanned by a finite set of
operators — the level-0 and level-1 generators. This construction does not work for arbitrary
Lie algebra representations, but depends on whether the additional Serre-relations underlying
the definition of the Yangian are satisfied:6
[Ĵa, [Ĵb, Jc]]− [Ja, [Ĵb, Ĵc]] = ~2gabcdef{Jd, Je, Jf}. (2.8)
Here we have abbreviated
gabcdef = 124f
ai
df
bj
ef
ck
ffijk, {X1, X2, X3} =
∑
i 6=j 6=k
XiXjXk. (2.9)
The Yangian is defined as the algebra with ~ = 1 but it is illustrative to explicitly display the
quantum parameter of this quantum group.
Coproduct Structure. The Yangian is a Hopf algebra with a coproduct structure. Given
a representation of Ja and Ĵa acting on a one-particle state, the action on an n-particle state
is determined by the coproduct ∆ given by
∆n−1(Ja) =
n∑
j=1
Jaj , ∆
n−1(Ĵa) =
n∑
j=1
Ĵaj + ~ fabc
∑
1≤j<k≤n
JbjJ
c
k. (2.10)
Note that the level-1 coproduct in (2.10) is sensitive to a rescaling of the generators, which
allows to set ~ = 1. The coproduct structure reveals that the Yangian is an algebra of
nonlocal charges: While the coproduct of the level-0 generators acts locally on a single space
(excitation), the level-1 generators act nonlocally on two spaces simultaneously.
Evaluation Representation. In the context of scattering processes, the Yangian typically
enters via its evaluation representation ρu. The evaluation representation is obtained by lifting
a representation ρ of the underlying Lie algebra to a representation of the full Yangian algebra
by setting
ρu(Ja) = ρ(Ja), ρu(Ĵa) = uρ(Ja). (2.11)
Here the evaluation parameter u is proportional to the rapidity variable of the model and we
do not distinguish between those quantities in the following. The role of the rapidity can be
understood by noting that the Yangian has an external automorphism Bu which is usually
realized by the Lorentz boost in two-dimensional Yangian symmetric field theories, cf. e.g. [6]:
Bu(Ja) = Ja, Bu(Ĵa) = Ĵa + uJ. (2.12)
In order to furnish a representation of the Yangian algebra, the representation ρu has to
satisfy the Serre-relations (2.8) which constrains the underlying Lie algebra representation ρ.
6See e.g. [9] for the additional grading factors in the supersymmetric case. For g = sl(2) a second Serre
relation enters which is implied in the given relation for other algebras.
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The action of the Yangian evaluation representation on multi-particle states follows from the
coproduct (2.10) according to
ρ⊗nu (∆n−1Ja)|a1, u1; ...; an, un〉 inout =
n∑
j=1
ρ⊗n(Jaj )|a1, u1; ...; an, un〉 inout
ρ⊗nu (∆n−1Ĵa)|a1, u1; ...; an, un〉 inout
=
 n∑
j=1
ujρ
⊗n(Jaj ) + ~ fabc
∑
1≤j<k≤n
ρ⊗n(Jbj)ρ⊗n(Jck)
 |a1, u1; ...; an, un〉 in
out
. (2.13)
Here ρ⊗nu and ρ⊗n denote the representations on a tensor product of length n. In the following
we will generically not distinguish between the symbols for the abstract algebra element J and
its representation ρ(J).
2.3 Dynamic Representations and Braiding
A Lie algebra symmetry is typically realized on a one-particle excitation with rapidity u
according to
Ja|a1, u〉 = ja|a2, u〉, (2.14)
where a enumerates the generators. Here a1, a2 denote the type of excitations and ja represents
some generator-dependent function. Conventionally ja is constant, i.e. independent of the
rapidity u, and Ja has a trivial (local) tensor product action on multi-particle states:
Ja|a1, u1; . . . ; an, un〉 =
n∑
k=1
Jak|a1, u1; . . . ; an, un〉. (2.15)
We will refer to this type of symmetry representation as undynamic.
In the context of the AdS/CFT correspondence, so-called dynamic representations play an
important role. These are representations with ja = ja(u) and typically a nonlocal coproduct
for level-0 generators with a so-called braiding factor U :
∆Ja = Ja ⊗ 1+ U [a] ⊗ Ja. (2.16)
The presence of a non-trivial braiding implies that even the level-0 symmetry acts nonlocally.
Also the Yangian level-1 generators inherit a braiding according to (see e.g. [25]):
∆Ĵa = Ĵa ⊗ 1+ U [a] ⊗ Ĵa + ~ fabcJb U [c] ⊗ Jc. (2.17)
Length Changing and Braiding. Dynamic representations can be alternatively consid-
ered as either length-changing Lie algebra representations or as Hopf algebra representations
containing an additional generator (the above braiding factor), which renders the coproduct
of Lie algebra generators nonlocal and the single-particle action rapidity dependent [19, 32].
Consider for instance some excitation Φ with momentum p over an infinite spin chain vacuum
composed of scalar fields Z:
|Φp〉 =
∑
k
eipk| . . . ZZ
k
↓
ΦZZ . . . 〉 = Φ . (2.18)
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Let the action of the supersymmetry generator Q˜ on a fermionic excitation (i.e. Φ = ψ) be
given by
Q˜|ψp〉 = |Zφp〉 =
ψ
φ
Q , (2.19)
where φ denotes a bosonic field. The generator Q˜ is length changing since it inserts a scalar
vacuum field (a marker) Z in front of the excitation. If we look at asymptotic states defined
on an infinite spin chain, the marker has no effect on one-particle states of the form (2.18)
with |Zφp〉 ' |φp〉. This is different once we consider the action on multi-particle states, e.g.
∆Q˜|ψp1ψp2〉 = |Zφp1ψp2〉+ |ψp1Zφp2〉. (2.20)
Moving the marker past the excitation to the very left corresponds to an index shift and thus
to a relative phase eip1 between the two summands in (2.20). We may thus get rid of the
notion of length changing and instead define a non-trivial braided coproduct
∆Q = Q⊗ 1+ U [Q] ⊗Q, U [Q] = eip, (2.21)
such that [32]
∆Q|ψp1ψp2〉 = |φp1ψp2〉+ eip1|ψp1φp2〉. (2.22)
Here the untilded operator Q is defined without the length-changing effect as opposed to
(2.19):
Q|ψp〉 = |φp〉. (2.23)
The new generator U [Q] implies that Lie algebra generators acquire a nonlocal coproduct. In
the case of the fundamental representation of su(2|2) considered in Section 4.3, introducing
this generator furthermore requires to centrally extend the algebra to su(2|2)nR2.7
Hopf Algebras and Scattering Matrices. A Hopf algebra a with coproduct ∆ and with
a universal R-matrix R is called quasi-triangular if we have
(∆⊗ 1)(R) = R13R23, (1⊗∆)(R) = R13R12, (2.24)
as well as co-commutativity:
∆op(X)R = R∆(X), X ∈ a. (2.25)
Here the opposite coproduct ∆op = P∆P is defined as the coproduct ∆ with flipped tensor
factors. The above relations imply that R obeys the quantum Yang–Baxter equation. The
universal R-matrix R represents a formal expression for the above intertwiner in terms of
the (infinitely many) algebra generators that upon choosing a representation ρ turns into the
two-particle S-matrix via
S = Pρ⊗ ρ(R), (2.26)
with P the permutation operator swapping the tensor factors. The Yangian is not quasi-
triangular. Still the Yangian obeys relations similar to (2.25):
(Bu ⊗ 1)∆op(X) = R(u)(Bu ⊗ 1)∆(X)R−1(u), X ∈ Y [g]. (2.27)
7See [33] for an interpretation of the braiding factor in terms of the RTT-realization of the Yangian.
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These imply that on the level of representations, the Yangian has quasi-triangular properties.
Here Bu denotes the boost automorphism (2.12).
According to a theorem by Drinfeld [12] there is a unique rational series R(u) = ∑k u−kRk
with expansion coefficients Rk ∈ Y [g] ⊗ Y [g] that obeys the relations (2.24,2.27) and whose
expansion is given in terms of the Yangian generators as:
logR(u) = 1
u
Ja ⊗ Ja + 1u2
(
Ĵa ⊗ Ja − Ja ⊗ Ĵa
)
+O
(
1
u3
)
. (2.28)
This pseudo-universal R-matrix obeys the quantum Yang–Baxter equation. Hence, choosing a
representation ρ yields via (2.26) an associated two-particle S-matrix that induces a consistent
factorized solution for three-particle scattering. Note that in principle a prescription exists to
construct the pseudo-universal R-matrix using the so-called Yangian double, cf. [34,35]. A uni-
versal R-matrix which reproduces the AdS/CFT S-matrix when evaluated on the fundamental
representation, however, is not known, see e.g. [36] for related comments.
Braiding and Twist. The introduction of braiding factors U can formally be considered as
a Reshetikhin twist defined in [37]. This twisting implies that even the level-zero symmetry
generators are nonlocal. A Reshetikhin twist is a modification of a quasitriangular Hopf
algebra via some twist operator F , which obeys the quantum Yang–Baxter equation
F12F13F23 = F23F13F12, (2.29)
as well as a unitarity relation F12F21 = 1, and the axioms
(∆⊗ 1)(F ) = F13F23, (1⊗∆)(F ) = F13F12. (2.30)
Then the twisted Hopf algebra is also quasitriangular with coproduct and universal R-matrix
given by
∆(F )(X) = F∆(X)F−1, R(F )12 = F21R12F−112 . (2.31)
As noted in [38], the above braiding factors U ' eip can be obtained by a formal twist
generating the dynamic representation of su(2|2) (the symmetry of the AdS/CFT S-matrix):
F = exp
(
ip2 ⊗ A
)
. (2.32)
Here we define the coproduct of the formal momentum generator as ∆p = p⊗ 1+ 1⊗ p and
A is one of three outer automorphisms of the triple centrally extended algebra psu(2|2) that
together generate an sl(2) algebra, i.e. one considers sl(2)n psu(2|2)nR3.
3 Constraint Relations and Summary of Results
Yangian symmetry has important implications on the S-matrix which relates multi-particle
states in the in- and out-state basis. The conservation of the Yangian charges in a scattering
process constrains the n-particle S-matrix according to
level 0: [∆n−1Ja, S] = 0, (3.1)
level 1: [∆n−1Ĵa, S] = 0. (3.2)
The coproduct entering the constraint equations (3.1,3.2) is specified in (2.10). Higher levels
of Yangian generators do not impose further constraints on the S-matrix.
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We will investigate these constraints and their implications on S-matrices for the fun-
damental representations ρ of the three different Yangian algebras Y [su(N)], Y [u(1|1)] and
Y [su(2|2)nR2] in detail in the following sections. Doing so we focus on two and three-particle
S-matrices. In particular, we wish to clarify the question of whether the Yangian symme-
try implies that the three-particle S-matrix necessarily factorizes into two-particle S-matrices.
Explicit expressions of the coproducts for the different algebras can be found in Section 4.
3.1 Two-Particle S-Matrix and Difference Form
The above Yangian constraints imply that an invariant two-particle S-matrix obeys the qYBE
(2.5). Moreover, for the case of an (untwisted) Yangian algebra, the symmetry-invariant two-
particle S-matrix typically only depends on the difference of rapidity parameters.8 In fact, this
feature directly follows from the Yangian constraint equations for the S-matrix (3.1,3.2), cf.
e.g. [39,25]. The level-1 constraint (3.1) for an arbitrary level-0 generator J and a corresponding
level-1 generator Ĵ is given by
[∆Ĵ, S12] = (u1J1 + u2J2) S12 − S12 (v1J1 + v2J2) + [J⊗ J, S12] = 0. (3.3)
Here J ⊗ J shall represent the bilocal term of the coproduct (2.10). This constraint can be
rearranged using the level-0 constraint (3.1), i.e. [J1 + J2, S12] = 0, into the form
u12J1S12 − (v1 − u2)S12J1 − (v2 − u2)S12J2 + [J⊗ J, S12] = 0, (3.4)
where uij := ui−uj. Hence, for unequal sets of incoming and outgoing rapidities {ui} 6= {vi},
the two-particle S-matrix depends only on three independent rapidity parameters.
For the case of equal sets of incoming and outgoing rapidities, i.e. for {ui} = {vi}, the
above relation (3.4) simplifies to
u12 (J1S12 − S12J2) + [J⊗ J, S12] = 0. (3.5)
Thus the rapidity-dependence of the two-particle S-matrix is governed by an equation that
contains only the rapidity difference, which implies (up to an overall factor) the difference
form of the S-matrix:
S12(u1, u2) = S12(u12). (3.6)
This observation can be attributed to the external boost automorphism of the Yangian as
defined in (2.12), i.e. Lorentz boost symmetry is tightly connected to conventional Yangian
invariance. Note however that the above arguments do not apply to the braided coproducts
(2.16,2.17) which underlie the scattering in AdS/CFT. Hence, the S-matrix of AdS/CFT is
not of difference form [19]. We give explicit examples in Section 4.
3.2 Three-Particle S-Matrix and Factorized Scattering
In general, a three-particle S-matrix is of the form (1.1). As discussed above, we check here
whether Yangian symmetry implies the absence of an honest three-particle interaction R3→3.
This is equivalent to the three-particle S-matrix factorizing as in (2.6) and the two-particle
S-matrix satisfying the qYBE (2.5). Our considerations are grounded on the explicit imple-
mentation of the Yangian constraints (3.1,3.2) for the three-particle S-matrix with all scattered
8In a Lorentz-invariant theory with one spatial direction, this statement reflects the boost invariance of the
S-matrix provided that the rapidities are additive under Lorentz boosts.
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Y [su(N)] Y [u(1|1)] Y [su(2|2)]
undynamic dynamic undynamic dynamic (nR2)
2
→
2
{ui} ?= {vi} X X (X)? X (X)?
S from level 0 X[2dof] X[2dof] X[2dof] X[2dof] X[1dof]
S from level 1 X[1dof] X[1dof] X[1dof] X[1dof] X[1dof]
qYBE X X X X (X)???
3
→
3
{ui} ?= {vi} X (X)??  X 
S from level 0 X[5/6dof] X[6dof] X[6dof] X[10dof] (X[2dof])???
S from level 1 X[1dof] X[1dof] X[1dof] X[1dof] (X[1dof])???
factorization X X X X (X)???
Table 2: Results of the analysis of Yangian constraints corresponding to the funda-
mental representation of the Lie algebras su(N), u(1|1) and su(2|2)nR2
particles transforming in one of the symmetry representations specified in the introductory
Section 1. In the following we summarize the results of our explicit implementation of Yan-
gian constraints and their analysis in Mathematica. We give a more detailed discussion of this
analysis in the following Section 4.
Results of Computer Implementation. We display the key results of our implementa-
tion in Table 2. First of all we examined the Yangian constraints on S-matrices to check
whether they imply that the sets of rapidities are conserved in two- and three-particle scat-
tering processes, cf. the columns labeled by {ui} ?= {vi} in Table 2. As expected, in all cases
conservation of the set of rapidities solves the constraint equations (with further constraints
on the S-matrix discussed in the following). In those cases that are not marked by a star, we
were able to show without further complications that this solution is also the unique solution
to the Yangian constraints. Note that in addition to the level-0 constraints, we also require
the level-1 constraints to deduce that the set of rapidities is conserved. In the cases marked
by stars our implementation could not solve the involved constraint equations for generic alge-
bra parameters/functions and different sets of incoming and outgoing rapidities. In the cases
denoted by a box we were not able to solve the constraint equations at all. In the other cases,
these complications could be circumvented by
? further specifications: Here we exploited the conservation of the total momentum and
the energy in the form of the concrete AdS/CFT model. The latter corresponds to the
conservation of the rapidity dependent eigenvalue of a dynamic level-0 Yangian generator.
We solved these equations for random real numerical values of the incoming momenta
and the coupling g, which enters the energy formula.
?? restricting to exemplary sets of numerical values for the level-0 eigenvalues: Here we
facilitated the solution of the constraint equations by setting the (rapidity independent)
eigenvalues of the level-0 generators to numerical values.
In addition to constraints on the rapidities, the Yangian imposes constraints on the form
of the S-matrix. For the analysis of the latter, we now assumed that the set of rapidities is
conserved. In all considered cases, the Yangian constraints then fix the two- and three-particle
S-matrices uniquely up to an overall factor, where in the cases marked by
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? ? ? we solved the constraint equations using generic sets of numerical values for the rapidities
and coupling constant.
Note that in Table 2 we specify the number of degrees of freedom (dof) of the S-matrix
after applying the level-0 (labeled by “S from level 0”) and both level-0 and level-1 Yangian
constraints (labeled by “S from level 1”).9 In all considered cases the S-matrix was uniquely
determined by the Yangian constraints up to a single degree of freedom, i.e. the overall factor
of the S-matrix. Finally, we checked whether the resulting S-matrices are consistent with
factorized scattering which we did by verifying (2.5,2.6). These equations were satisfied in all
discussed cases. Again in all cases marked by ? ? ?, we did this analysis by using exemplary
numerical values for the rapidities and coupling constant. We specify the references to related
results in the literature in the explicit discussion of our analysis in Section 4.
4 Explicit Implementation of Yangian Constraints
In this section we outline the concrete analysis of the Yangian constraints (3.1) and (3.2) on
S-matrices for Y [su(N)], Y [u(1|1)] and Y [su(2|2)nR2] whose results we already presented in
Table 2. Doing so, we elaborate on the algebras and the representations we considered, their
coproduct structure and further ingredients that were necessary in this analysis.
Let us briefly motivate the choice of considered algebras. A good starting point for the
concrete evaluation of the constraint equations (3.1) and (3.2) is the Yangian Y [su(N)]. At
level 0 it only contains a single type of generator and its fundamental representation can be
implemented straight-forwardly into Mathematica which we used to analyze the constraint
equations. We outline the main steps of the analysis in Section 4.1. Then in Section 4.2
we move on to the Yangian corresponding to the Lie superalgebra u(1|1). It contains both
commuting and anti-commuting generators, but only a single boson and a single fermion in
its fundamental representation. Thus it is a good intermediate step before the investigation of
su(2|2) and its central extension. Finally, in Section 4.3 we look at the Yangian constraints of
the latter algebra which is particularly relevant in the context of the AdS/CFT correspondence
because it appears as the symmetry algebra of the S-matrix of the psu(2, 2|4) spin chain of
N = 4 SYM theory.
Note that we discuss the Yangian constraints to both Lie superalgebras in an undynamic
and a dynamic setup as introduced in Section 2.3. While the S-matrices obtained from the
dynamic representations are interesting in the context of the AdS/CFT correspondence, the
undynamic cases are relevant for conventional condensed matter spin chains.
Furthermore note that for all Yangian algebras and their representations studied here we
assume that the Serre relations (2.8) are satisfied and concentrate our studies on the analysis of
the Yangian constraints (3.1) and (3.2). For simplicity we remove the ~-dependence appearing
in front of the nonlocal part in the Yangian coproduct by rescaling the generators.
We restrict the analysis of the Yangian constraints to the two- and three-particle scattering
case with no particle creation or annihilation. Thus we do not check here whether the Yan-
gian algebra implies the absence of particle creation or annihilation; Lüscher showed that the
nonlocal charges of the non-linear sigma model imply the absence of particle production [14].
Another important feature of integrable theories in (1+1) dimensions is that the sets of in-
coming and outgoing rapidities in scattering processes are equal. Nevertheless, a priori we do
9In the three-particle scattering case for Y [su(N)] the number of degrees of freedom after exploiting the
level-0 constraint depends on the rank N of the Lie algebra. For N = 2 there are 5 independent coefficients in
the su(2)-invariant S-matrix, whereas this number is 6 for N > 2.
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not postulate this feature here but check whether Yangian symmetry yields it automatically;
however, not in all cases the resulting constraint equations could be solved, cf. Table 2. Thus
we look at the elements of the S-matrix that map the tensor product of n one-particle Hilbert
spaces Vu labeled by the rapidity u of the particle via
S(ui; vi) : Vv1 ⊗ Vv2 ⊗ · · · ⊗ Vvn → Vu1 ⊗ Vu2 ⊗ · · · ⊗ Vun . (4.1)
Here {v1, v2, ..., vn} denotes the set of rapidities of the outgoing and {u1, u2, ..., un} the set of
rapidities of the incoming particles in a scattering event. The rapidities shall be ordered as
v1 < v2 < ... < vn and u1 > u2 > ... > un as before.
4.1 Yangian Constraints for su(N)
As a first exercise we consider the Yangian constraints in the evaluation representation for the
fundamental representation of su(N). Note that the two-particle S-matrix for the fundamental
representation of su(N) can also be obtained from the known universal R-matrix [35] and
satisfies the qYBE (2.5) automatically, cf. the discussion in Section 2.3.
Y [su(N)] in the Evaluation Representation. The level-0 generators of the Yangian
Y [su(N)] are the generators Rab of the Lie algebra su(N). They satisfy the commutation
relations
[Rab ,Rcd] = δcbRad − δadRcb, a, b = 1, . . . , N, (4.2)
and are traceless. The level-1 generators R̂ab satisfy similar commutation relations via (2.7).
In the evaluation representation they act as defined in (2.11) which requires to fix the Lie
algebra representation. As mentioned before we choose the fundamental representation of
su(N) which consists of N bosons φa, a = 1, ..., N . The evaluation representation requires us
to further label each state by its evaluation parameter u and thus we denote a one-particle
state by |φa, u〉. These states shall form an orthonormal set, i.e. 〈φa, u|φb, v〉 = δbaδu,v.10 Then
the Yangian level-0 and -1 generators act in Dirac notation as
Rab |φc, u〉 = δcb|φa, u〉 − 1N δab |φc, u〉, R̂ab |φc, u〉 = iuRab |φc, u〉. (4.3)
Y [su(N)]-Constraints on the S-Matrix. In order to make the constraint equations (3.1)
and (3.2) on S explicit, one needs the coproduct structures of the Yangian generators. They
are given by
∆Rab = Rab ⊗ 1 + 1⊗Rab ,
∆R̂ab = R̂ab ⊗ 1 + 1⊗ R̂ab + 12Rac ⊗Rcb − 12Rcb ⊗Rac . (4.4)
10Note that we use the Kronecker delta δu,v regardless of whether the set of allowed rapidities is continuous
or discrete. In case the rapidities are not quantized, we identify the symbol with the Dirac delta function, i.e.
δu,v ≡ δ(u− v).
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These equations generalize to higher order coproducts via (2.10). The explicit constraint
equations for the Y [su(N)]-invariant n-particle S-matrix S12...n then take the form
level 0:
 n∑
j=1
(Rab )j, S12...n(ui, vi)
 = 0, (4.5)
level 1:
i n∑
j=1
un(Rab )j +
1
2
∑
1≤j<k≤n
((Rac)j(Rcb)k − (Rcb)j(Rac)k)
 S12...n(ui, vi) =
S12...n(ui, vi)
i n∑
j=1
vj(Rab )j +
1
2
∑
1≤j<k≤n
((Rac)j(Rcb)k − (Rcb)j(Rac)k)
 (4.6)
in the evaluation representation (4.3). Again the ui represent the rapidities of the incoming
and the vi those of the outgoing particles. In the following we discuss the results of our
implementation of the above constraints for n = 2, 3 in Mathematica.
Two-Particle S-Matrix. The (level-0) Lie algebra symmetry, here given by the fundamen-
tal representation of su(N), constrains the invariants to all possible permutations acting on the
tensor factors. Let us introduce a diagrammatic way to represent the action of the two-particle
invariant I12 using permutation diagrams of the form
I12(u1,2; v1,2) = A12
v1 v2
u1 u2
+B12
v1 v2
u1 u2
. (4.7)
Here the two dots at the bottom of each diagram represent the particles before the action of
the operator, i.e. in case of the S-matrix corresponding to the outgoing state with rapidities
v1 < v2. The state after the action of the operator is represented by the top dots which
are associated to the incoming state with rapidities u1 > u2 for the S-matrix. The level-0
constraints do not restrict the momenta of the particles which is why at this point the sets of
rapidities {u1, u2} and {v1, v2} are allowed to be different.11 The lines represent the action of
the corresponding permutation operators and connect particles of the same type. Thus, the
first diagram represents a scattering event where the faster particle passes through the slower
one, while the second diagram corresponds to a reflection. Accordingly, A12 is the transmission
coefficient and B12 the reflection coefficient of this scattering event.
Evaluating the level-1 constraints (4.6) explicitly yields two solutions for the coefficients
and rapidities of the ansatz (4.7). The first one fixes the coefficients and the outgoing rapidities
as
v1 = u1, v2 = u2, A12 = 0, B12 = I012δv1,u1δv2,u2 . (4.8)
Here I012 is an undetermined function depending on the free rapidities. This solution is not
compatible with the condition u1 > u2 and v1 < v2 for scattering events. Indeed, it does not
account for the scattering of particles, but rather corresponds to an operator proportional to
the identity:
I(∗)12 (u1,2; v1,2) = I012δv1,u1δv2,u2
u1 u2
u1 u2
. (4.9)
11In principle these rapidities are constrained by momentum conservation. Nevertheless, we do not impose
this conservation law here since the relation p = p(u) between the momentum p and rapidity u is model-
dependent. In this analysis we only impose Yangian symmetry.
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The second solution fixes the outgoing rapidities v1,2 and relates the coefficients A12 and B12
via
v1 = u2, v2 = u1, A12 = S012δv1,u2δv2,u1 , B12 =
i
u12
S012δv1,u2δv2,u1 , (4.10)
where S012 is an undetermined overall factor that may depend on the free rapidities. This
solution describes the nontrivial scattering of two particles as the rapidities in the final state
are exchanged. In terms of the permutation diagrams this result for the two-particle S-matrix
S12 can be illustrated as
S12(u1,2; v1,2) = S012 δu1,v2δu2,v1

u2 u1
u1 u2
+ i
u12
u2 u1
u1 u2
 (4.11)
and maps as S12 : Vu2 ⊗ Vu1 → Vu1 ⊗ Vu2 . Thus the Yangian constraint relates the coefficients
A12 and B12 in (4.7) via a factor depending on the difference of the particles’ rapidities but,
expectedly, does not fix the overall factor. The set of rapidities comes out to be conserved
and we do not need to impose momentum conservation on top of the Yangian constraints.
Furthermore, up to the rapidity-dependence of the overall factor, the S-matrix only depends
on the rapidity differences of the incoming particles. Note that the result is independent of
the rank of su(N).
Three-Particle S-matrix. Again it is useful to employ permutation symbols to parametrize
the Yangian invariant. The most generic su(N) (i.e. level-0) invariant operator of length 3 can
then be written as the linear combination
I123(ui, vi) = A123
v1 v2 v3
u1 u2 u3
+B123
v1 v2 v3
u1 u2 u3
+ C123
v1 v2 v3
u1 u2 u3
+D123
v1 v2 v3
u1 u2 u3
+ E123
v1 v2 v3
u1 u2 u3
+ F123
v1 v2 v3
u1 u2 u3
(4.12)
with coefficients A123, ..., F123 which may be rapidity dependent. For N = 2 only five of these
six diagrams are linearly independent. Imposing the level-1 constraints fixes all coefficients up
to an overall factor and yields the S-matrix S123 for three-particle scattering
S123(ui; vi) = S0123δu1,v3δu2,v2δu3,v1

u3 u2 u1
u1 u2 u3
+ i
u23
u3 u2 u1
u1 u2 u3
+ i
u13
u3 u2 u1
u1 u2 u3
+ i
u12
u3 u2 u1
u1 u2 u3
− 1
u12u23

u3 u2 u1
u1 u2 u3
+
u3 u2 u1
u1 u2 u3
 −
i
u12u13u23
u3 u2 u1
u1 u2 u3
 .
(4.13)
Note that the constraint equations allow for five more solutions which are incompatible with
the condition u1 > u2 > u3 and v1 < v2 < v3 for three-particle scattering.
The explicit form (4.11,4.13) of the two- and three-particle S-matrices at hand, we have
checked consistent factorization by verifying the equalities (2.6) and the qYBE (2.5). This
shows that the unique Yangian-invariant three-particle S-matrix is indeed given by the factor-
ized form.
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To summarize, Yangian invariance completely fixes the two- and three-particle scattering
matrices up to an overall factor. Generically, the overall scattering phase can be determined by
imposing additional unitarity and crossing relations, see e.g. [40]. Notably, Yangian symmetry
restricts the set of outgoing momenta to be the same as the set of incoming momenta, i.e.
{ui} = {vi}. (4.14)
This is a substantial feature of scattering processes in integrable (1+1)-dimensional models
which automatically follows from the Yangian constraints here. Moreover, the S-matrices only
depend on differences uij of the rapidities as expected from the discussion in Section 3.1. The
three-particle S-matrix factorizes consistently into two-particle S-matrices.
4.2 Yangian Constraints for u(1|1)
We now move on to the analysis of the Yangian constraints in the evaluation representation
for the fundamental representation of Lie superalgebras. As a first step towards the algebra
su(2|2) we consider u(1|1), i.e. the model discussed in [31].
Y [u(1|1)] in the Evaluation Representation. The level-0 algebra of Y [u(1|1)] consists
of the supersymmetry generators Q and S, the central charge C and the generator B which
is an outer automorphism of su(1|1). These generators satisfy the commutation relations
{Q,S} = C, [B,Q] = −2Q, [B,S] = +2S. (4.15)
The remaining Lie brackets vanish. The fundamental representation of this algebra consists
of one bosonic state |φ〉 and one fermionic state |ψ〉. The generators of u(1|1) act on these
single-particle states as
Q|φ〉 = q|ψ〉, Q|ψ〉 = 0,
S|φ〉 = 0, S|ψ〉 = c
q
|φ〉,
B|φ〉 = (b+ 1)|φ〉, B|ψ〉 = (b− 1)|ψ〉,
C|φ〉 = c|φ〉, C|ψ〉 = c|ψ〉, (4.16)
with parameters b, c and q. Note that q corresponds to an unphysical rescaling of φ and ψ.
The evaluation representation of the level-1 generators Q̂, Ŝ, B̂, Ĉ (collectively denoted
by Ĵ) again lifts the Lie algebra representation via
Ĵi|Φ, u〉 = iguJi|Φ, u〉, (4.17)
with Φ ∈ {φ, ψ}, evaluation parameter u and coupling constant g.
We consider this evaluation representation of Y [u(1|1)] both in the conventional undynamic
setup and the more exotic dynamic setup in the sense discussed in Section 2.3. For the
undynamic case the eigenvalues of the symmetry generators are constant, i.e. b, c and q are
rapidity-independent and there will be no braiding factor in the coproduct of the Yangian
generators. In the dynamic case the coefficients in (4.16) become functions of the rapidity,
i.e. c = c(u), b = b(u), q = q(u). These functions are model-dependent and we do not fix
their explicit form. Writing down the representation of an n-particle asymptotic state in
the dynamic representation, we label each one-particle representation by these unrestricted
functions, i.e. as
(1|1)u1,c(u1),b(u1),q(u1) ⊗ (1|1)u2,c(u2),b(u2),q(u2) ⊗ ...⊗ (1|1)un,c(un),b(un),q(un), (4.18)
in order to make this dependence more apparent in our notation. Again the S-matrix is a map
between these states.
17
Y [u(1|1)]-Constraints on the S-Matrix. In order to explicitly evaluate the level-0 con-
straint of the two- and three-particle S-matrix, we give the coproduct structure of Y [u(1|1)]
for the level-0 generators
∆Q = Q⊗ 1 + (−1)F ⊗Q, ∆S = S⊗ 1 + (−1)F ⊗S,
∆B = B⊗ 1 + 1⊗B, ∆C = C⊗ 1 + 1⊗ C, (4.19)
and level-1 generators12
∆Q̂ = Q̂⊗ 1 + (−1)F ⊗ Q̂+ 12Q⊗ C− 12(−1)FC⊗Q,
∆Ŝ = Ŝ⊗ 1 + (−1)F ⊗ Ŝ− 12S⊗ C+ 12(−1)FC⊗S,
∆B̂ = B̂⊗ 1 + 1⊗ B̂− (−1)FS⊗Q− (−1)FQ⊗S,
∆Ĉ = Ĉ⊗ 1 + 1⊗ Ĉ. (4.20)
In these formulae we took into account the fermionic nature of the generators Q and S and
their level-1 versions. It results in factors (−1)F whenever they pass through a particle. For
bosonic particles we take F = 0 and for fermionic particles F = 1, i.e.
(−1)F |φ〉 = +|φ〉, (−1)F |ψ〉 = −|ψ〉. (4.21)
For the action on states including more particles this coproduct structure can be easily gen-
eralized. Note that the coproduct structure of both the undynamic and the dynamic case do
not contain a braiding factor.
Two-Particle Undynamic S-Matrix. We will now present the results of the analysis
of the constraints on two-particle S-matrices (3.1) and (3.2) using (4.19) and (4.20) in the
undynamic setup. In order to do so, we make an ansatz for the S-matrix by writing down
a linear combination of all possible maps between asymptotic states of the form (4.1) with
n = 2, i.e.
S12(u1,2; v1,2) : (1|1)v1 ⊗ (1|1)v2 → (1|1)u1 ⊗ (1|1)u2 . (4.22)
The level-0 constraint arising from the generator B implies that this gets reduced to
S12(ui, vi)|φ, v1;φ, v2〉 = A12|φ, u1;φ, u2〉,
S12(ui, vi)|φ, v1;ψ, v2〉 = B12|ψ, u1;φ, u2〉+ C12|φ, u1;ψ, u2〉,
S12(ui, vi)|ψ, v1;φ, v2〉 = D12|φ, u1;ψ, u2〉+ E12|ψ, u1;φ, u2〉,
S12(ui, vi)|ψ, v1;ψ, v2〉 = F12|ψ, u1;ψ, u2〉, (4.23)
with six undetermined coefficients A12, ..., F12. Demanding also the remaining level-0 and
level-1 constraints implies that the S-matrix preserves the set of rapidities,13 i.e.
v1 = u2, v2 = u1. (4.24)
12We obtained the coproduct structure of the level-1 generators from Table 2 of [25]. This table shows the
coproduct of the level-1 generators of su(2|2). See the end of section 4.3 for a discussion of how to obtain the
u(1|1) generators from the su(2|2) generators.
13In the following, we only discuss the solutions of the constraint equations that are compatible with true
scattering solutions, i.e. u1 > u2(> u3) and v1 < v2(< v3) for the two(three)-particle scattering process.
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Furthermore, the six coefficients in (4.23) are related via14
A12 = −S012
c
ig
− u12
c
ig
+ u12
, B12 = D12 = S012
u12
c
ig
+ u12
, C12 = E12 = −S012
c
ig
c
ig
+ u12
, F12 = −S012.
(4.25)
Here S012 denotes an unknown overall constant that has to be determined via unitarity and
crossing relations. Up to the rapidity dependence of the overall factor, this two-particle S-
matrix only depends on the difference of the two incoming rapidities as expected from the
arguments above (3.6). Furthermore this solution satisfies the quantum Yang–Baxter equa-
tion (2.5).
Three-Particle Undynamic S-Matrix. We now move on to a similar analysis of the
Y [u(1|1)] constraints for the three-particle case. The S-matrix is the map
S123(ui; vi) : (1|1)v1 ⊗ (1|1)v2 ⊗ (1|1)v3 → (1|1)u1 ⊗ (1|1)u2 ⊗ (1|1)u3 . (4.26)
Again the level-0 constraint associated to B implies that S123 only permutes bosons and
fermions and thus is a linear combination of 20 terms with unknown coefficients. The number
of degrees of freedom gets reduced to 6 by imposing the remaining level-0 constraints. The
level-1 constraints then impose constraints on the remaining six coefficients of the S-matrix
and the incoming rapidities vi. Looking for all of the solutions is rather complicated even
in Mathematica because the set of equations contains very long expressions. Therefore we
only solved it for the cases in which the representation coefficients take the exemplary values
c = q = 1 with b = 0, 1, 2. Restricting to these cases we find that the outgoing rapidities have
to satisfy
v1 = u3, v2 = u2, v3 = u1. (4.27)
One can show that (4.27) solves the constraint equations for general c, q and b. In this case
the level-1 constraint can also be used to fix the S-matrix up to an overall factor. It factorizes
consistently into three two-particle S-matrices from above via (2.6).
Two-Particle Dynamic S-Matrix. The dynamic two-to-two-particle S-matrix maps be-
tween asymptotic states of the form (4.18) with n = 2, i.e.
S12 : (1|1)v1,c(v1),b(v1),q(v1) ⊗ (1|1)v2,c(v2),b(v2),q(v2) → (1|1)u1,c(u1),b(u1),q(u1) ⊗ (1|1)u2,c(u2),b(u2),q(u2).
(4.28)
Writing down the most general ansatz of this form and constraining it via demanding its
invariance under B implies that it takes the form (4.23) as in the undynamic case. Again
its coefficients and the rapidities get further constrained by the remaining level-0 and -1
constraints. We verified that these are solved by a conserved set of rapidities (4.24) with
further restrictions on the S-matrix. It is convenient to express these in terms of the variables
x±i related to the rapidities ui and central charge eigenvalue c via [31]
ui = g2(x
+
i + x−i ), c(ui) = −ig(x+i − x−i ). (4.29)
14Note that we drop the factor of δv1,u2δv2,u1 here. For simplicity of the notation, we will continue doing
so in the rest of this chapter whenever we have indicated that for the case under consideration (including
three-particle scattering with factors δv1,u3δv2,u2δv3,u1) the sets of rapidities are conserved.
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Then, the constraints fix the six coefficients in (4.23) up to an overall factor S012. We find them
to be given by
A12 = S012
x+1 − x−2
x−1 − x+2
, B12 = S012
x+1 − x+2
x−1 − x+2
, C12 = S012
q2
q1
x+1 − x−1
x−1 − x+2
,
D12 = S012
x−1 − x−2
x−1 − x+2
, E12 = S012
q1
q2
x+2 − x−2
x−1 − x+2
, F12 = −S012. (4.30)
The question arises whether the conservation of the set of rapidities is the unique solution
to the constraint equations. Since we could not solve the involved constraints for a generic
central charge eigenvalue, as an example we further specify the eigenvalue function c(p) to be
the energy function of the N = 4 SYM spin chain:
c(p) = 12
√
1 + 16g2 sin2 p2 +
1
2 , (4.31)
where g corresponds to the N = 4 SYM theory coupling. We then employ momentum
conservation and the conservation of the central charge in the above form, namely
p1 + p2 = q1 + q2, c(p1) + c(p2) = c(q1) + c(q2). (4.32)
Using random real values for the incoming momenta p1,2 and the coupling g, the conservation
equations (4.32) can then be solved numerically for the outgoing momenta q1,2 (related to the
rapidities u1,2 and v1,2, respectively). This confirms that for the exemplary function (4.31) the
set of incoming and outgoing momenta are indeed the same.
The above solution represents the well-known two-particle S-matrix of the dynamic u(1|1)
spin chain of [31]. It satisfies the quantum Yang–Baxter equation (2.5). For c, b, q = const. it
simplifies to the undynamic two-particle S-matrix given in (4.25) via x± = u∓ c2ig .
Three-Particle Dynamic S-Matrix. We conclude the analysis of the Y [u(1|1)] constraints
by looking at the three-particle dynamic S-matrix which maps as
S123(ui; vi) : (1|1)v1,c(v1),b(v1),q(v1) ⊗ (1|1)v2,c(v2),b(v2),q(v2) ⊗ (1|1)v3,c(v3),b(v3),q(v3)
→ (1|1)u1,c(u1),b(u1),q(u1) ⊗ (1|1)u2,c(u2),b(u2),q(u2) ⊗ (1|1)u3,c(u3),b(u3),q(u3). (4.33)
The level-0 constraint associated to B implies as in the undynamic case that S123 is a linear
combination with 20 unknown coefficients. For generic functions c(u), b(u) and q(u) and
different sets of incoming and outgoing rapidities, the remaining Yangian constraint equations
were not tractable in Mathematica; neither could we solve three-particle generalizations of
equations (4.32). However, we verified that the remaining constraints are solved by conserved
sets of rapidities (4.27). Given these conserved sets of rapidities, we have then verified that the
unique three-particle solution to the Yangian constraints is given by the factorized S-matrix
of the form (4.25,4.30).
Let us summarize the results of this subsection. The Yangian constraints on S-matrices im-
pose conserved sets of rapidities in two- and three-particle scattering events in the undynamic
case. Also in the dynamic setup these constraints are solved by conserved sets of rapidities,
but we could not verify the uniqueness of this solution in the three-particle case. Specifying
the central charge eigenvalue to the AdS/CFT energy-momentum relation (4.31), in the two-
particle case we have argued for its uniqueness from momentum and energy conservation. For
conserved sets of rapidities, the two- and three-particle undynamic and dynamic Y [u(1|1)]-
invariant S-matrix is uniquely determined up to the overall dressing factor. The three-particle
S-matrices factorize consistently into three two-particle S-matrices. As expected by the dis-
cussion in Section 3.1, the resulting undynamic S-matrices are of difference form, while the
dynamic ones are not.
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4.3 Yangian Constraints for su(2|2)(nR2)
The third Yangian algebra we investigated with respect to its constraints on S-matrices is the
Yangian corresponding to su(2|2) and its central extension su(2|2)nR2, respectively.
Y [su(2|2)] and Y [su(2|2)n R2] in the Evaluation Representation. We begin with a
discussion of the Lie superalgebra su(2|2) on the basis of [21,25]. It consists of the su(2)×su(2)
generators Rab and Lαβ , the supersymmetry generators Qαb , Saβ and the central charge C. Note
that we use Latin indices a, b, c, ... to denote bosonic degrees of freedom and Greek indices
α, β, γ, ... for fermionic degrees of freedom. These generators satisfy the commutation relations
[Rab ,Rcd] = δcbRad − δadRcb, [Lαβ ,Lγδ ] = δγβLαδ − δαδ Lγβ,
[Rab ,Q
γ
d] = −δadQγb + 12δabQγd, [Lαβ ,Qγd] = +δγβQαd − 12δαβQγd,
[Rab ,Scδ] = +δcbSaδ − 12δabScδ, [Lαβ ,Scδ] = −δαδScβ + 12δαβScδ,
{Qαb ,Scδ} = δcbLαδ + δαδRcb + δcbδαδ C. (4.34)
The remaining Lie brackets vanish. In order to obtain the correct S-matrix for the planar limit
of N = 4 SYM we extend this algebra by two central charges P and K to su(2|2) n R2 [21].
These modify the anticommutators to
{Qαb ,Qγd} = εαγεbdP
{Saβ,Scδ} = εacεβδK. (4.35)
Demanding that (the total) P and K annihilate physical states constrains the eigenvalues of
these operators and guarantees that the physical result is compatible with an su(2|2) invariance
of the model.
The fundamental representation of this algebra acts on two bosonic states |φa〉 and two
fermionic states |ψα〉 with a, α = 1, 2. The su(2) generators Rab and Lαβ act analogously to
(4.3) as
Rab |φc〉 = δcb|φa〉 − 12δab |φc〉, Lαβ |ψγ〉 = δγβ |ψα〉 − 12δαβ |ψγ〉. (4.36)
In this representation the supersymmetry generators transform bosons into fermions and vice
versa with coefficients a, b, c, d as
Qαa |φb〉 = a δba|ψα〉, Qαa |ψβ〉 = b εαβεab|φb〉,
Saα|φb〉 = c εabεαβ|ψβ〉, Saα|ψβ〉 = d δβα|φa〉. (4.37)
Via the anticommutation relations (4.35), the eigenvalues P and K of the central charges P
and K are given by
P = ab, K = cd. (4.38)
The anticommutator {Qαb ,Scδ} in (4.34) implies that the eigenvalue C of C is given by
C = 12(ad+ bc), (4.39)
and that the coefficients a, b, c, d satisfy the constraint
ad− bc = 1. (4.40)
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Undynamic limit. Removing the central extensions P and K from the algebra su(2|2)nR2
corresponds to setting their eigenvalues to 0. This implies via (4.39) and (4.40) that C = ±12 .
The resulting algebra is relevant in the context of strongly correlated electron systems on a
one-dimensional lattice, see [41]. In this model each site is a superposition of four possible
electronic states and two of these are fermionic. There are no length-changing effects such
that the undynamic representation with U = 1 becomes relevant and one may directly put
P = K = 0 at each site with rapidity-independent coefficients a, b, c, d.
Dynamic case. In the su(2|3) sector of N = 4 SYM the algebra su(2|2) appears as residual
symmetry algebra of the excitations of the spin chain. In this sector the central charge C is
associated to the integrable spin chain Hamiltonian and its eigenvalues are not constant as
discussed above. This contradiction is resolved by the introduction of the additional generators
P and K whose eigenvalues only have to vanish on physical states in order to guarantee the
overall su(2|2) symmetry of the excitations. This setup implies that the one-magnon energy
is given by [19]
C = ±12
√
1 + 16αβ sin2
(
p
2
)
, (4.41)
where α and β are constants satisfying
ab = gα
(
1− eip
)
, cd = β
g
(
1− e−ip
)
. (4.42)
The product αβ = g2 corresponds to the square of the coupling constant g of the model, i.e.
C = ±12 holds at leading order.
The Yangian corresponding to su(2|2)nR2 consists of the level-0 generators Rab , Lαβ , Qαb ,
Saβ and C, as well as the central charges P and K of the central extension. The corresponding
level-1 generators Ĵ are R̂ab , L̂αβ , Q̂αb , Ŝaβ, Ĉ, P̂ and K̂. Their action on single particles in this
representation is given by (4.17) with Φ ∈ {φa, ψα}.
Y [su(2|2)]- and Y [su(2|2) n R2]-Constraints on the S-Matrix. In order to evaluate
explicitly the constraints (3.1) and (3.2), we need the coproduct structure of the Yangian
generators. For the level-0 generators acting on two sites it is [25]
∆C = C⊗ 1 + 1⊗ C, ∆Rab = Rab ⊗ 1 + 1⊗Rab ,
∆P = P⊗ 1 + U+2 ⊗P, ∆Lαβ = Lαβ ⊗ 1 + 1⊗ Lαβ ,
∆K = K⊗ 1 + U−2 ⊗ K, ∆Qαb = Qαb ⊗ 1 + U+1F ⊗Qαb ,
∆Saβ = Saβ ⊗ 1 + U−1F ⊗Saβ (4.43)
with UF := (−1)F U . Here (−1)F again denotes the fermionic grading operator, i.e.
(−1)F |φa〉 = +|φa〉, (−1)F |ψα〉 = −|ψα〉, (4.44)
which takes care of the correct statistics when anticommuting fermionic particles and the
fermionic operators Qαb and Saβ. The abelian braiding operator U includes length-changing
effects and can be set to 1 for conventional undynamic spin chains. The coproduct structure
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of the level-1 generators is given by
∆Ĉ =Ĉ⊗ 1 + 1⊗ Ĉ+ 12P U−2 ⊗ K− 12K U+2 ⊗P,
∆P̂ =P̂⊗ 1 + U+2 ⊗ P̂− C U+2 ⊗P+P⊗ C,
∆K̂ =K̂⊗ 1 + U−2 ⊗ K̂+ C U−2 ⊗ K− K⊗ C,
∆R̂ab =R̂ab ⊗ 1 + 1⊗ R̂ab + 12Rac ⊗Rcb − 12Rcb ⊗Rac
− 12Saγ U+1F ⊗Qγb − 12Qγb U−1F ⊗Saγ
+ 14δ
a
b S
d
γ U+1F ⊗Qγd + 14δab Qγd U−1F ⊗Sdγ,
∆L̂αβ =L̂αβ ⊗ 1 + 1⊗ L̂αβ − 12Lαγ ⊗ Lγβ + 12Lγβ ⊗ Lαγ
+ 12Q
α
c U−1F ⊗Scβ + 12Scβ U+1F ⊗Qαc
− 14δαβ Qδc U−1F ⊗Scδ − 14δαβ Scδ U+1F ⊗Qδc,
∆Q̂αb =Q̂αb ⊗ 1 + U+1F ⊗ Q̂αb − 12Lαγ U+1F ⊗Qγb + 12Qγb ⊗ Lαγ
− 12Rcb U+1F ⊗Qαc + 12Qαc ⊗Rcb − 12C U+1F ⊗Qαb + 12Qαb ⊗ C
+ 12ε
αγεbd P U−1F ⊗Sdγ − 12εαγεbd Sdγ U+2 ⊗P,
∆Ŝaβ =Ŝaβ ⊗ 1 + U−1F ⊗ Ŝaβ + 12Rac U−1F ⊗Scβ − 12Scβ ⊗Rac
+ 12L
γ
β U−1F ⊗Saγ − 12Saγ ⊗ Lγβ + 12C U−1F ⊗Saβ − 12Saβ ⊗ C
− 12εacεβδ K U+1F ⊗Qδc + 12εacεβδ Qδc U−2 ⊗ K. (4.45)
The action on longer states can be obtained from (4.43) by making use of (2.13) and incorpo-
rating all fermionic grading operators (−1)F and the braiding factors U . The representation
of the Yangian Y [su(2|2)] without central extension can be obtained by setting the eigenvalues
of P and K to 0 and that of U to 1.
Two-Particle Undynamic S-Matrix. We begin the analysis of the constraints by looking
at the two-particle undynamic case, i.e. we look for the S-matrix that maps as
S12(u1,2; v1,2) : (2|2)v1 ⊗ (2|2)v2 → (2|2)u1 ⊗ (2|2)u2 , (4.46)
with different sets of incoming and outgoing rapidities satisfying u1 > u2 and v1 < v2.
The level-0 constraints restrict this operator to be of the form
S12|φa, v1;φb, v2〉 = A12|φ{a, u1;φb}, u2〉+B12|φ[a, u1;φb], u2〉+ 12C12εabεαβ|ψα, u1;ψβ1 , u2〉,
S12|φa, v1;ψβ, v2〉 = D12|ψβ, u1;φa, u2〉+ E12|φa, u1;ψβ, u2〉, (4.47)
S12|ψα, v1;φb, v2〉 = F12|ψα, u1;φb, u2〉+G12|φb, u1;ψα, u2〉,
S12|ψα, v1;ψβ, v2〉 = H12|ψ{α, u1;ψβ}, u2〉+K12|ψ[α, u1;ψβ], u2〉+ 12L12εαβεab|φa, u1;φb, u2〉,
with ten coefficients A12, ..., L12. This ansatz generalizes the ansatz in Table 1 of [19], where
the rapidities are conserved v1 = u2 and v2 = u1. The coefficients have to satisfy
B12 = H12, C12 = 0, D12 = 12(A12 −H12), E12 = 12(A12 +H12),
K12 = A12, L12 = 0, G12 = 12(A12 −H12), F12 = 12(A12 +H12), (4.48)
and thus we conclude that the Yangian level-0 constraints fix the S-matrix up to two degrees of
freedom corresponding to two Casimirs of su(2|2). Note that the construction of the Casimirs
from a Killing form κab of the algebra is non-trivial since the latter vanishes, see [42].
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The level-1 constraints further restrict the two-particle S-matrix via
v1 = u2, v2 = u1, H12 = A12
i− gu12
i+ gu12
. (4.49)
Thus the two-particle S-matrix simply permutes the Hilbert spaces of the particles as
S12(u1,2) : (2|2)u2 ⊗ (2|2)u1 → (2|2)u1 ⊗ (2|2)u2 . (4.50)
This two-particle S-matrix satisfies the quantum Yang–Baxter equation (2.5) which we checked
by explicit calculation.
Three-Particle Undynamic S-Matrix. We proceed with the three-particle S-matrix S123
which denotes the map
S123(u1,2,3; v1,2,3) : (2|2)v1 ⊗ (2|2)v2 ⊗ (2|2)v3 → (2|2)u1 ⊗ (2|2)u2 ⊗ (2|2)u3 , (4.51)
with u1 > u2 > u3 and v1 < v2 < v3.
The level-0 constraints from Rab and Lαβ restrict the S-matrix to be a linear combination of
70 operators similar to (4.47). This ansatz gets further constrained by the remaining level-0
constraints such that ten degrees of freedom remain. By imposing the level-1 constraints of
the Yangian corresponding to the Lie superalgebra su(2|2), we further restrict the form of the
coefficients and the outgoing rapidities v1,2,3 to
v1 = u3, v2 = u2, v3 = u1. (4.52)
Four of the ten free coefficients in S123 have to vanish and another five are related to the
remaining single degree of freedom. The resulting S-matrix is fixed up to an overall factor and
permutes the particles in a scattering event. By comparing the unique three-particle solution
for the S-matrix with the product of three two-particle S-matrices as in (2.6), we find that it
factorizes.
Two-Particle Dynamic S-Matrix. We now move on with the analysis of the dynamic
constraints on S-matrices. The Y [su(2|2)nR2]-invariant two-particle S-matrix in its dynamic
representation is the map
S12(u1,2, v1,2) : (2|2)v1,C(v1),P (v1),K(v1) ⊗ (2|2)v2,C(v2),P (v2),K(v2)
→ (2|2)u1,C(u1),P (u1),K(u1) ⊗ (2|2)u2,C(u2),P (u2),K(u2), (4.53)
with u1 > u2 and v1 < v2.
The level-0 constraints (3.1) for the central charges C, P and K impose the following three
relations including their eigenvalues C, P and K:
C(u1) + C(u2) = C(v1) + C(v2),
P (u1) + P (u2)U(u1)2 = P (v1) + P (v2)U(v1)2,
K(u1) +
K(u2)
U(u1)2
= K(v1) +
K(v2)
U(v1)2
. (4.54)
They constrain the outgoing rapidities v1 and v2 and the coefficients a, b, c, d in (4.37) are
conveniently reparametrized via
a = √gγ, b = √gα
γ
(
1− x
+
x−
)
, c = √g iγ
αx+
, d = √gx
+
iγ
(
1− x
−
x+
)
, (4.55)
24
with x± = x±(u), γ = γ(u) and x±(u) = x(u± i2). The parameter γ is associated to a relative
rescaling between fermions ψα and bosons φa, while the constant α corresponds to a rescaling
of the vacuum field Z. The condition (4.40) translates into
x+ + 1
x+
− x− − 1
x−
= i
g
, (4.56)
with the model’s coupling constant g, and the eigenvalues of the central charges using (4.38)
and (4.39) are
C = −12 + igx
− − igx+, P = gα
(
1− x
+
x−
)
, K = g
α
(
1− x
−
x+
)
. (4.57)
Demanding cocommutativity of the coproduct leads to relations between the braiding factor
U and the central charges P and K, see [25]. These are solved if the eigenvalue U of U satisfies
U =
√
x+
x−
, (4.58)
such that the momentum p and the parameters x± satisfy
x+
x−
= eip. (4.59)
In these variables the rapidity can be expressed in terms of the new coordinates x± as
u = g2(x
+ + x−)
(
1 + 1
x+x−
)
. (4.60)
It is evident that the constraint equations are solved by
(1) v1 = u1, v2 = u2
(2) v1 = u2, v2 = u1. (4.61)
The first solution is inconsistent with a non-trivial scattering process for which we naturally
impose u1 > u2 and v1 < v2. The second corresponds to a scattering solution with the same
sets of rapidities in the incoming and outgoing state. Proceeding with this solution by looking
at [∆Rab , S12] = [∆Lαβ , S12] = 0 shows that in this case the S-matrix has to be of the form given
in (4.47), i.e. we continue with the same ansatz as in the undynamic case. It has ten degrees
of freedom. Unlike in the undynamic case the remaining level 0 constraints fully constrain the
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two-particle S-matrix up to an overall factor. We obtain for the coefficients in (4.47)
A12 = S012
x+1 − x−2
x−1 − x+2
,
B12 = S012
x+1 − x−2
x−1 − x+2
(
1− 21− 1/x
−
1 x
+
2
1− 1/x+1 x+2
x−1 − x−2
x+1 − x−2
)
,
C12 = S012
2γ1γ2U1
αx+2 x
+
1
1
1− 1/x+1 x+2
x−1 − x−2
x−1 − x+2
,
D12 = S012
1
U2
x+1 − x+2
x−1 − x+2
,
E12 = S012
γ2U1
γ1U2
x+1 − x−1
x−1 − x+2
,
F12 = S012
γ1
γ2
x+2 − x−2
x−1 − x+2
,
G12 = S012U1
x−1 − x−2
x−1 − x+2
H12 = −S012
U1
U2
,
K12 = −S012
U1
U2
(
1− 21− 1/x
+
1 x
−
2
1− 1/x−1 x−2
x+1 − x+2
x−1 − x+2
)
,
L12 = −S012
2α(x+2 − x−2 )(x+1 − x−1 )
γ1γ2U2x
−
2 x
−
1
1
1− 1/x−2 x−1
x+1 − x+2
x−1 − x+2
. (4.62)
This is the well-known result for the su(2|2) n R2-invariant two-particle S-matrix calculated
in [19].
Since the level-0 constraints completely determine this two-particle S-matrix there only
remains the question whether this matrix is also Yangian-invariant. Checking the level-1
constraints explicitly using the coproduct structure in (4.45) shows that this is indeed the
case. This was first shown in [25]. By numerical analysis, i.e. insertion of different real and
complex values for x± and g, we furthermore checked that the two-particle S-matrix satisfies
the qYBE given in (2.5).
For a conserved set of rapidities, the S-matrix in (4.62) is the unique solution to the
Yangian constraints. Analyzing the level-0 and -1 constraint equations for different sets of
incoming and outgoing rapidities, e.g. the equations (4.54), to check whether this is the only
solution, becomes untractable in Mathematica. In the two-particle case we can circumvent
this problem by using the explicit AdS/CFT form of the above rapidity dependent functions.
In the context of N = 4 SYM theory the solutions x± = x±(u) of (4.56) take the form [43]
x(u) = u2g +
u
2g
√
1− 4g
2
u2
, u(x) = g
(
x+ 1
x
)
. (4.63)
It is most convenient to express the functions in terms of momenta in order to straightforwardly
implement the constraint of momentum conservation. We have (cf. (4.41))
u(p) = 12 cot
p
2
√
1 + 16g2 sin2 p2 , C(p) =
1
2
√
1 + 16g2 sin2 p2 . (4.64)
Then we numerically verified that the constraints of momentum and central charge (energy)
conservation, namely (4.32), imply conservation of individual momenta (up to discrete shifts).
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Here the momenta p1,2 and q1,2 are associated with the rapidities v1,2 and u1,2, respectively,
and we have specified random numerical values for p1,2 and g and solved for q1,2. Thus the
Yangian constraints corresponding to su(2|2)nR2 together with (4.64) imply the conservation
of individual momenta/rapidities in two-particle scattering events.
Three-Particle Dynamic S-Matrix. The Y [su(2|2)nR2]-invariant three-particle S-matrix
in its dynamic representation is the map
S123(ui, vi) : (2|2)v1,C(v1),P (v1),K(v1) ⊗ (2|2)v2,C(v2),P (v2),K(v2) ⊗ (2|2)v3,C(v3),P (v3),K(v3)
→ (2|2)u1,C(u1),P (u1),K(u1) ⊗ (2|2)u2,C(u2),P (u2),K(u2) ⊗ (2|2)u3,C(u3),P (u3),K(u3) (4.65)
with u1 > u2 > u3 and v1 < v2 < v3.
Similar to the two-particle case, the Yangian constraints imply relations among functions
of the incoming and outgoing rapidities. However, due to the complicated constraints we
were not able to verify whether the constraint equations imply the conservation of the set of
rapidities. Obviously, they are solved if the set of outgoing rapidities equals the set of incoming
rapidities. The case corresponding to the true three-particle scattering with u1 > u2 > u3 and
v1 < v2 < v3 is
v1 = u3, v2 = u2, v3 = u1. (4.66)
Demanding vanishing commutators [∆2Rab , S123] and [∆2Lαβ , S123] restricts the three-particle S-
matrix S123 to be of the same form as in the discussion of the undynamic Yangian constraints
in the previous section with 70 free coefficients. The remaining level-0 constraints reduce
this number to 2. We did not do these calculations analytically due to the great amount
of computational power needed, but evaluated the relations numerically by setting the x±i
and g to arbitrary values respecting (4.56). Note that this number of degrees of freedom
corresponds to the expectations from the discussion of the representation theory of this algebra,
see [21,24]. There it is shown that the tensor product of three one-particle states denoted by
〈m = 0, n = 0, ~C〉 with su(2) × su(2) Dynkin labels m and n and eigenvalues ~C = (C,P,K)
of the central charges decomposes as
〈0, 0, ~C1〉 ⊗ 〈0, 0, ~C2〉 ⊗ 〈0, 0, ~C3〉 = {1, 0, ~C1 + ~C2 + ~C3} ⊕ {0, 1, ~C1 + ~C2 + ~C3}. (4.67)
The bracket 〈..〉 denotes a state from a long multiplet and {..} one from a short multiplet with
C2 − PK = 14(n+m+ 1)2. Since we found the three-particle su(2|2)nR2-invariant S-matrix
numerically, we proceed with a numerical analysis of the level-1 constraints of Y [su(2|2)nR2].
They are only fulfilled if the two remaining free coefficients are related to each other. This
relation is the same for all the commutators such that we are left with a three-particle S-
matrix that is determined up to an overall factor. We compared our numerical result with a
product of three two-particle S-matrices and the equality of both expressions confirms that
the three-particle S-matrix factorizes.
Note that the two-particle dynamic S-matrix reduces to the two-particle undynamic S-
matrix in the limit where all eigenvalues Ui of U and the γi are set to 1 and the remaining
ingredients in (4.62) are expanded in powers of the coupling constant g (with α = O(g)).
Notice that the number of degrees of freedom after exploiting the level-0 Yangian constraints
differs both in the two- and three-particle case with Y [su(2|2)nR2] in the dynamic represen-
tation being more restrictive than Y [su(2|2)] in the undynamic representation.
27
u(1|1) from su(2|2). Note that we may obtain results derived in the previous section
on the Y [u(1|1)]-invariant S-matrices from the discussion of Y [su(2|2)(nR2)]. Indeed, the
fundamental representation of u(1|1) in (4.16) can be obtained from the su(2|2) representation
(4.36)-(4.40) by restricting the action of the su(2|2)-generators to a single boson and a single
fermion, i.e. we set all indices to a = b = α = β = 1 and identify |φ〉 := |φ1〉 and |ψ〉 :=
|ψ1〉. Then the u(1|1) generators Q and S can be obtained from Q11 and S11 by relating
the representation coefficients a and d in (4.37) to u(1|1)-coefficients via a = q, and d = c
q
.
Note that the su(2|2) coefficients are constrained via (4.40). For the undynamic case this
implies together with P = K = 0 that we only obtain the case where the u(1|1) central charge
eigenvalue is set to c = 1. The outer automorphism B of su(1|1) can be obtained from the
linear combination
2(b− 1)L11 + 2(b+ 1)R11 (4.68)
where b is the u(1|1) hypercharge. The central charge C of u(1|1) is given by the combination
of su(2|2) generators of the form
C+R11 + L11. (4.69)
These formulae can also be used to derive the eigenvalues of B and C of u(1|1) from the
eigenvalues of the su(2|2) generators. This close connection of both algebras allows us to
derive the Y [u(1|1)]-invariant S-matrices discussed in the previous section from the su(2|2)
results. We checked that both the undynamic and the dynamic two-particle S-matrices are
compatible, which implies via consistent factorization that also the three-particle S-matrices
agree in this limit.
Let us summarize the results of this subsection. Using the undynamic Yangian constraints
on S-matrices we found that the sets of rapidities in a two- and three-particle scattering event
are conserved. Also in the dynamic setup the conservation of the sets of rapidities solves
the Yangian constraints. Their uniqueness for two-particle scattering can be deduced from
momentum and central charge (energy) conservation in the context of N = 4 SYM theory.
In the case of three-particle scattering we were not able to verify that Yangian symmetry
implies the conservation of the set of rapidities due to the complicated constraints that could
not be solved using computer algebra. For conserved sets of rapidities, we determined both
the two-particle undynamic Y [su(2|2)]- and dynamic Y [su(2|2)nR2]-invariant S-matrix (4.47)
with coefficients (4.48,4.49) and (4.62), respectively, up to the overall dressing factor. In the
undynamic case we also determined the three-particle S-matrix and checked that it factorizes
consistently into three two-particle S-matrices. In the dynamic case we checked the qYBE
as well as the factorization of the three-particle S-matrix numerically. While the resulting
undynamic S-matrices are of difference form, the dynamic ones are not, since the Yangian
coproduct does not have the standard structure used in the arguments above (3.6).
5 Conclusions and Future Directions
In this paper we have investigated the implications of Yangian symmetry on the three-particle
S-matrix in two dimensions. To be explicit, we studied the three Yangian algebras Y [su(N)],
Y [u(1|1)] and Y [su(2|2)nR2] and found that the resulting Yangian constraints imply factoriza-
tion. In doing so, we partially employed numerical values for some of the parameters in order
to solve the involved constraint equations depending on arbitrary coefficients, or functions of
the rapidities, cf. Table 2. While in some cases we were able to show that conservation of the
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set of rapidities follows from Yangian symmetry, for the cases of the dynamic three-particle
scattering we added this point as an assumption in order to solve the intricate constraint
equations.
Since Yangian symmetry and factorized scattering are just two different formulations of
quantum integrability, their relation observed here is not unexpected. However, due to the
lack of a generic definition of integrability it is important to clarify this fundamental question,
in particular in the context of the less explored dynamic representations motivated by the
AdS/CFT duality. The tremendous recent progress on integrable bootstrap approaches to-
wards AdS/CFT observables (see e.g. [44,30,45]) underlines the need for better understanding
the Yangian as their algebraic foundation.
Let us finish by pointing out some particularly interesting future directions. An important
point would be to extend the analysis of this paper to noncompact representations. A direct
application is to understand in which sense the Yangian symmetry for higher dimensional
S-matrices implies factorization, e.g. for the Yangian symmetry of amplitudes in N = 4 SYM
theory [9, 46], in ABJM theory [11] or in the recently found fishnet theories [10]. This should
help to clarify the question mark in Table 1 in the introduction.
As demonstrated above, conventional Yangian symmetry implies that the two-particle S-
matrix only depends on the difference of rapidities. Hence, the conventional Yangian is tied
to an underlying boost symmetry of the physical model, cf. e.g. [6]. On the other hand, the
dynamic representations of AdS/CFT include non-trivial braiding factors which modify the
standard Yangian constraints and imply that the S-matrix is not of difference form. It would
be very interesting to understand whether there is an AdS/CFT generalization of the two-
dimensional Lorentz boost that shifts the spectral parameter of the model in analogy to the
boost automorphism of the Yangian and what it tells us about the AdS/CFT quantum group.
Recently, there has been very interesting progress into this direction that should further be
explored [47] (see also the earlier works [48]).
An important reformulation of quantum integrability in the language of gauge theories
was recently proposed by Costello, Yamazaki and Witten [49]. This includes the conventional
Yangian algebra representing rational solutions to the quantum Yang–Baxter equation. It
would be very interesting to also understand how the dynamic representations considered in
this paper embed into their formalism and to think about factorization from their point of
view.
Finally, it would be important to provide a general proof that Yangian symmetry, in
conventional or dynamic representations, implies factorization of the S-matrix. While desirable
to mimic the beautiful intuitive arguments that are underlying the proof for local higher
charges, it seems that nonlocal charges require more technical reasoning.
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